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Some new relations connecting the molecular electron densities and the intensities of electrons and X-rays
scattered by gases have been derived by integrating analytically the scattered intensities multiplied by some func-

tions of the momentum transfer, s, over ds.

The intensities of the electrons and X-rays scattered
by gases have been known to provide information
on atomic or molecular electron densities.) It has
been proved that, in principle, the unique three-
dimensional electron densities of molecules can not be
derived directly from the one-dimensional scattering
intensities.?) However, the qualities of given molecular
wave functions can be examined by comparing the
experimental intensities with the theoretical ones cal-
culated from the wave functions. Because of the con-
siderably long computing time needed for such cal-
culations, however, the theoretical scattering intensities
based on molecular wave functions have been reported
for only a very limited number of molecules.

A more convenient way of making such an examina-
tion is to make use of the integral relationships between
the scattering intensities and the electron densities in
molecules. A close connection between the integrated
intensities of the total electron scattering and the total
energies of molecules proved by Tavard et al. is an
example of such a relationship.3*) Some relationships
have also been reported by Bonham, who has men-
tioned the existence of other, similar relations.®) These

relations are obtained as the integral transforms of
the scattering intensities by several kernels, which are
functions involving momentum transfer, s. The pur-
pose of the present paper is to present some new rela-
tions connecting the molecular electron densities with
the scattered intensities by means of the integral trans-
formation of the intensities, as well as to bring together
the relations thus far reported in the form of analytical
integration.

If the four ¢ functions are defined in terms of the
elastic and total intensities of electrons (ED) and
X-rays (XR) scattered by a free molecule as follows:1:5)

05" (s) = s*Iz"(s) — 32 Z, (1
o¥(s) = sAIE°(s) — 31 Z! — N, @)
az7(s) = Iz*(s), @)
ox*(s) = It%(s) — N, )

to the first Born approximation, they are expressed
in connection with the electron density in the molecule

by:

05°(s) = Oun(s) — T Zi + 0ne(s) + o57(s), (5)
0t°(s) = Oun(s) — 33 Z% + 0nels) + a7%(s), (6)
where:

ann(s) - 'ZZ: = %JZ: ZiZJ'(jO(‘rrif))vlbs (7)

Taols) = =253 Zi<ﬁirj0(sr) p(r+ri)>“b, )

oF%(s) = <[ drjo(sr) dﬂp(ﬂ)p<r+f>>m, ©

and

oFs) = <[ drio(s1) o) > . (10)

Here, the subscripts E and T denote elastic and total
respectively; s is the momentum transfer given by
(4m(A)sin (6/2) (4: wavelength, 6: scattering angle);
N, the total number of electrons in the molecule;
r;, the position vector of the i-th atom; Z, the atomic
number; 7, an interatomic distance; jo(x), the zero-
order spherical Bessel function, sinx/x; p(r), the one-
electron density, and p(r), the electron-pair cor-
relation density; the brackets, { »,,, denote the
averaging over thermal vibration.

To begin with, the integral of this type:

-]

A(oz,l):j; dso (s)see—4, A>0 (11)
will be considered. The factor, e=*¢, acts as a damping
factor to reduce the error due to the termination of
the integral. This type of integral has been mentioned
in the literature® for the case where a is an integer.
In general, for «=<—1, the integral diverges, but
for «a>—1 the integral can be expressed in terms of
a hypergeometric function, ,F;.®) By the use of the
properties of ,F,, the integrals for the four kinds of
o are reduced to:?)

A (2, 2) = E#JE Z.ZKL(aAsrig) Yo

—2ZIZ¢<[ AL ANp(rtr) > 4 AR, (12)
1 vib

Agb(“:l) =3 12 Zizj<L(“,)~,fij)>vib

i#

_2ZZ,</ drL(a,Ar) p(r+ri)> AP, (3)

AX(,3) = </ drL (1) f dr o) o (r+ r')> R

AF*(ad) = <[ drL(a,A,7) pc(r)> .

with

(14)

(15)

I(x+1) sin(ap)
(r2+A2)°/2 o ’

r
@ = tan ‘(T).

In the sense

L(et,A,r) = % a>—1, (16)
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() = f “dsa (s)s* = lim f “dso (s)s%e 15, (17)
0 -0 Jo
1°(ax) efc. are obtained by replacing L(e,4,r) in
Egs. 12—15 by:
Flan) = LOEDIERR) g ey, (18)
[~
and
F2r) = 5-5(), a=2.
r

The result for >33°(0) is Tavard’s energy rela-
tionship,®% and those for =1 and 2 have already
been given in the literature.: For a>2, the integral
over ds will diverge.

If 2 in Eq. 11 is replaced by a complex number
(44ir), the integral over ds is expressed by a hyper-
geometric function, ,F;, of —72/(A+ir')2. By taking
the imaginary part and letting A tend to zero, in a
sense similar to Eq. 17 we can obtain this integral:

J(ar) = A T dsa (5)s%jo(sr"), 2=a>0. (19)

This is a modification of Weber-Schafheitlin’s dis-
continuous integral.? A useful relationship is obtained
only for «=2.

Ji°@2r) = _ﬂmds"'r"’(f)szjo(sr’)

T
= —_2—2,;4? ZiZj<r’—“‘6(r’ bt f,;j) >vib

— nZZi</ d.Q,:p(r’+r,;)>
i vib
n 7
+ 5 [d2putr )>m' (20)

Similar relations hold for the other scattering intensities,
some of which have previously been reported in the
literature.’® The second and third terms of Eq. 20
are the averages over solid angles of the one-electron
density around each nucleus and the electron-pair
correlation density respectively. The latter is a radial
inter-electron density function.1®

In order to reduce termination errors, another in-
tegral:

M(o, 4) = ﬁmdws)s"e-ﬂs’, >0, (21)

is considered, where e~*** is a damping factor often
used in the calculations of radial distribution curves
in electron-diffraction studies of gas molecules. This
integral can be obtained in terms of a confluent hy-
pergeometric function, ,F,, of r2/4u. For an even
integer of «, M(oc,,u) can conveniently be expressed by
replacing L(a,4,7) in Eqs. 12—15 by the following

G(O(,ﬂ,r)
a(a—2)/3 ( J_e_12/4ﬂ> =2, (22)

G(amr) = =YD

Finally, relationships based upon finite integrals:
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Suln) = f dsa(s)sm, (23)
and
Ay(n,2) = fbdsa(s)sne‘“, (24)

may sometimes be used, where n is an integer. The
functions, Fy(n,r) and Ly(n,A,r), corresponding to F(n,r)
and L(n,A,r) are:

Fy(1,r) = r~2(cos(ar) — cos(br)),

Fo(2,r) = r71(b%jy(br) — azjl(af)),

o
Lo(mir) = (=Dmp

— (Asin(br) +rcos(br))e=22]/r(r2+22%)},

{ [(Asin(ar) + rcos(ar) e~ 1@

n=1.
(25)

The various quantities closely related to the molecular
electron density are obtainable from the experimental
intensities. Except for small « values, the accuracy
of 3)(e) is limited mainly by experimental errors at
large scattering angles and the termination error at
Smax- Such uncertainties are reducible by using M (a,u)
and A(a,2) with an appropriate choice of the param-
eters, £ and A. There is no termination-error problem
in 3y(n) and A(n,2).

Since the calculation of the right-hand side of the
above equations takes much less computing time than
the calculation of the scattering intensities themselves
from the molecular wave functions, these relationships
must be of great use. The Ji°(2,") given by Eq. 20
is computed most easily; accordingly, it is most suitable
for the first examination of a molecular wave function.

The authors wish to express their thanks to Professor
Takao Iijima, Gakushuin University, for his helpful
advice. .
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